
In order to further test the codes capabilities, a Poiseuille flow model 
was introduced, to allow comparison of solutions along different axes. 
The flow along the X and Z axes produced representations of the shear 
variable in which the symmetry physically in the function was not visible 
in the plots. In an attempt to symmetrize the results, the invariants of the 
matrices were plotted (Figure 5). This yielded symmetrical results for 
flow along the X axis, but not so for the Z. However, if the magnitude of 
deformation was set smaller, the proper symmetry was captured (Figure 
6). This revealed a weakness of this method.

The function’s accuracy was first validated through simple functions, 
such as the hyperbolic tangent (Figure 3), then progressing to a highly 
sheared deformation representing a stack of papers which had been rolled 
around a cylinder. This made errors in the code and algorithm much more 
visible and easier to correct. Once all of the errors had been rectified, the 
two-dimensional implementation was deemed accurate, and development 
proceeded onto a three-dimensional implementation.

The three-dimensional code was first verified by projecting the two-
dimensional solutions onto a three-dimensional space (Figure 4), and once 
this was accurate, the quaternion representation was introduced to allow 
for a fully three-dimensional solution.

The elements and nodes for the graphs were numbered while they were 
generated, and there was a separate loop which input values into these 
elements (Figure 1). After the code generated the coordinates for the 
nodes and elements, it was able to determine the locations of the 
centroids, which are essentially just the very center of each element. The 
centroids defined evaluation locations for the original function to output 
the deformed matrix, F. 

Now the code had a field on 
which it could perform the QR
decomposition. An important                                                                
aspect of the decomposition                                                                  
which makes it at all solvable                                                                     
are the properties of Q and R. F = Q * R, where Q is pure rotation and R is 
upper triangular (Figure 2). In two dimensions,  the equation represented 
in Figure 2 can be rewritten as R = F * QT . The entries below the diagonal 
in the R matrix are zeroes, yielding equations which can be synthesized 
and solved for.

When two-dimensional equations were being analyzed, they could 
simply be solved for an unknown rotation angle, but in three-dimensions, 
it was quite a bit more complex, where three nonlinear equations needed 
to be solved for the rotation. In this case, quaternions were used to 
represent these rotations, allowing the resulting system of equations to be 
simpler than if using classic Euler angles to characterize the rotation. This 
also reduced the error (Becker, 2017). The equations here were solved 
with the commonly used Newton’s method to determine roots and thus the 
solutions. 

The manual input of analytic functions is not an accurate representation 
of actual uses of the algorithm. In order to make the code more useful for 
data analysis, a reading system was put in to retrieve results from a data 
base, which could be a text file resulting from another simulation. 

The materials used were a computer running Linux, a C Compiler, and 
the visualization program VisIt. The code was written in C, where the 
deformation gradient was processed and output as an xdmf file, which 
was then read by VisIt for analysis. 

The algorithms from which the code would be based were first 
developed on a white board, integrating various elements of both 
calculus and linear algebra. After a piece of the algorithm had been 
developed this way, it was interpreted into code. 

At first, code was written for two dimensions which would output a 
grid in VisIt, as well as values for each of the matrix elements in each 
cell of the grid. These were assigned colors based on their values by 
VisIt. The grid was generated in loops, so that the code would create 

rows of nodes sequentially, 
and then create more rows in 
succession. This also made the 
code easier to adapt for three 
dimensions.
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Fig. 3 (left): A plot 
of the hyperbolic 
tangent function 
deformation in 
VisIt. The red areas 
are where the most 
deformation has 
taken place.

The goal of this project was to use the QR decomposition on 
deformation gradients derived from simulations in order to delineate the 
shear and stretch aspects of the deformation process. Deformation 
gradients are mathematical descriptors that quantify how much a 
material changed shape, written as matrices. Mathematically, the 
deformation gradient for each point is the derivative of the current 
coordinate with respect to its initial coordinate before the deformation. 
When the QR decomposition is performed, it outputs the rotational (Q), 
and distortional (R) aspects of the deformation (Freed & Srinivasa, 
2015). This process yields a few unknowns which can be solved for, and 
when determined, it provides a way to characterize the deformation 
(Srinivasa, 2012). The fields displayed came from mostly analytic 
functions, except for one simulation, that of an extrusion process. These 
fields were then processed and output to VisIt, which visualized the 
results. Functions with known solutions were used to verify the code, 
and they became more and more complex as the project went on in order 
to determine the limits of the code’s accuracy and usefulness. 

The purpose of this project was to develop code which would process 
different complex functions and be able to plot and characterize them. 
These functions included hyperbolic tangent, Poiseuille flow, and 
complex representations of physical processes. Code was written in C to 
process these functions. This code can accurately display deformation 
gradients and the components of the QR decomposition based on input 
functions. The shear character of the deformation field is revealed when 
the deformation is of a smaller magnitude. However, a major limiting 
factor of the QR decompositions’ applicability is the fact that physical 
symmetries are no longer evident at larger strains. 
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Figure 1 (left): A representation of the 
grids coded. This is a small four by 
four grid. The black numbers number 
the blocks, or elements, and the blue 
numbers are used to label the blue dots 
in the corners of each element, which 
represent the nodes. All of the elements 
and nodes had to properly connect with 
one another for the code to begin to 
work.
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Fig. 4 (left): The 
same plot of the 
hyperbolic 
tangent function, 
but applied onto a 
three-dimensional 
object.

Fig. 5 (right): The 
Poiseuille flow 
when flowing in 
the Z direction, 
represented here 
by its’ second 
invariant.

Fig. 6 (right): A 
plot of the 
Poiseuille flow 
going in the Z 
direction, but with 
a much lower 
deformation.
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Fig. 2 (above): A representation of the QR 
decomposition. Notice the upper-triangular nature of 
R, with any values below the main diagonal being 
zero. 


